
Q.1 State and prove De Morgan’s law for sets. 

Answer: 

 



Q.2   

 

 

Q.3 Prove validity of argument : 

If man is bachelor, he is happy. 

Therefore Bachelor dies young. 

Answer : 
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Q.5 State and prove five colour theorem. 

 

Answer : The five color theorem is a result from graph theory that given a plane separated into regions, 

such as a political map of the counties of a state, the regions may be colored using no more than five 

colors in such a way that no two adjacent regions receive the same color. 

The five color theorem is implied by the stronger four color theorem, but is considerably easier to prove. 

It was based on a failed attempt at the four color proof by Alfred Kempe in 1879. Percy John Heawood 

found an error 11 years later, and proved the five color theorem based on Kempe's work. 

Proof: 

Proof by contradiction.  

Let G be the smallest planar graph (in terms of number of vertices) that cannot be colored with five 

colors.  

Let v be a vertex in G that has the maximum degree.  We know that deg(v) < 6 (from the corollary to 

Euler’s formula). 

Case #1: deg(v) ≤ 4.  G-v can be colored with five colors.  

There are at most 4 colors that have been used on the neighbors of v.  There is at least one color then 

available for v.  

So G can be colored with five colors, a contradiction. 

 



Case #2: deg(v) = 5.  G-v can be colored with 5 colors.  

If two of the neighbors of v are colored with the same color, then there is a color available for v.  

So we may assume that all the vertices that are adjacent to v are colored with colors 1,2,3,4,5 in the 

clockwise order.  

Consider all the vertices being colored with colors 1 and 3 (and all the edges among them). 

 

If this subgraph G is disconnected and v1 and v3 are in different components, then we can switch the 

colors 1 and 3 in the component with v1. 

 

This will still be a 5-coloring of G-v.  Furthermore, v1 is colored with color 3 in this new 5-coloring and 

v3 is still colored with color 3.  Color 1 would be available for v, a contradiction.  

Therefore v1 and v3 must be in the same component in that subgraph, i.e. there is a path from v1 to v3 

such that every vertex on this path is colored with either color 1 or color 3. 



 

Now, consider all the vertices being colored with colors 2 and 4 (and all the edges among them).   If v2 

and v4 don't lie of the same connected component then we can interchange the colors in the chain starting 

at v2 and use left over color for v. 

 

If they do lie on the same connected component then there is a path from v2 to v4 such that every vertex 

on that path has either color 2 or color 4. 

 

This means that there must be two edges that cross each other.  This contradicts the planarity of the graph 

and hence concludes the proof. 


